The Quantum Spin Hall insulator is characterized by the presence of gapless helical edge states where the spin of the charge carriers is locked to their direction of motion. In order to probe the properties of the edge modes, we propose a design of a tunable quantum impurity realized by a local gate under an external magnetic field. Using the integrability of the impurity model, the conductance is computed for arbitrary interactions, temperatures and voltages, including the effect of Fermi liquid leads. The result can be used to infer the strength of interactions from transport experiments.
The quantum spin Hall effect (QSHE) is a property of certain two-dimensional electron systems with strong spin-orbit coupling [1, 2] . The bulk of the system is electrically insulating, while a conducting "helical edge" exists at the boundary in which electrons of opposite spin move in opposite directions [3] [4] [5] . Due to this reduction of the number of degrees of freedom, the QSHE edge is expected to realize the physics of a spinless Luttinger liquid, as opposed to a conventional one-dimensional wire that represents a spinful Luttinger liquid [6] . The Luttinger liquid is the generic state of metallic interacting electrons in one dimension [7] , while metallic electrons in higher dimensions typically form a Fermi liquid.
The QSHE is realized in (Hg,Cd)Te quantum wells [8, 9] where measurements of the conductance indicate the existence of helical edge modes. The simplest measurement to perform on such a system would be a twoterminal conductance measurement. Such a measurement can confirm that the current is carried by helical one-dimensional edge channels, but it can neither provide information on the interaction strength within those channels, nor verify the expected Luttinger liquid behavior. This is the case because, when a clean interacting wire is placed between Fermi liquid contacts (modeled as a non-interacting wires), the measured conductance is insensitive to the interactions [10, 11] .
As it turns out, there is a way in which the two terminal conductance can provide information on the interaction strength within the edge modes. A common way of studying one-dimensional systems, both theoretically and experimentally, is by exploring impurity effects on measurable quantities such as their conductance. In general, the problem becomes quite involved when interactions are present, and one usually has to rely on the asymptotic behavior of such quantities (at high or low temperatures, for example) to extract information on the interaction strength. However, in some unique cases certain properties of the edge model make it possible to obtain exact solutions. The QSHE edge is an example of such a system, since the model of a spinless Luttinger liquid with an impurity is "integrable" [12] .
In order to utilize the powerful tool of integrability to describe actual measurements on a QSHE edge, backscattering must be induced within a single edge (the model describing backscattering between the two edges of the QSHE system is not integrable). In principle, this can be done by means of a magnetic impurity that locally breaks time-reversal symmetry. However, it is much more desirable to find a way to engineer an impurity with a tunable strength, in order to induce the crossover between weak and strong backscattering.
In this work we consider combining the effects of an externally applied magnetic field and a local gate voltage to form an artificial impurity on the QSHE edge. The magnetic field direction is carefully chosen such that it breaks time-reversal symmetry yet leaves the edge modes gapless. These edge modes, now unprotected, become sensitive to the local perturbation generated by the gate in the form of an induced Rashba spin-orbit coupling. The strength of the impurity is set both by the magnetic field and the gate voltage. With controlled means for introducing an impurity, the integrality of the edge model [12] [13] [14] allows us to extract the shape of the nonequilibrium, finite temperature conductance curve, which strongly depends on the value of the Luttinger parameter. Hence measuring the conductance throughout the crossover from weak to strong backscattering could provide information on the interaction strength within the edge channels.
The setup we have in mind (see Fig. 1 ) is similar in spirit to a quantum point contact in fractional quantum Hall effect (FQHE) devices [15] . There, particle backscattering between modes with opposite chirality is enhanced with the aid of two gates depleting the electron density and bringing the two edges of the sample closer together. However, for the QSHE device we consider, backscattering between counter-propagating modes takes place on the same edge. Hence, we do not require that the two edges of the sample be brought together, and a single gate is sufficient. Recently, leading corrections to the linear conductance induced by a generic magnetic impurity in a fractional topological insulator were calculated [16] . There, unlike the integer case we study, an edge with repulsive interaction can be stable to magnetic perturbations.
Note that although both the QSHE and the FQHE edges realize a spinless Luttinger liquid, the Luttinger parameter for the QSHE can in principle obtain any value, while for the FQHE it is restricted to quantized values. Another crucial difference between the two systems is embodied in the effect of Fermi liquid contacts discussed earlier. For the FQHE, contacts are expected to have no effect on the conductance, due to the spatial separation of modes of opposite chirality. This has been observed in experiments [17] [18] [19] . Therefore, the QSHE case has the potential to provide the first experimental test of integrability at non-quantized values of the Luttinger parameter and in the process verify the effects associated with Fermi-liquid contacts.
We start by considering the non-interacting case, solving the scattering problem of two gapless regions separated by a finite strip in which an energy gap is present. We find the reflection strength and show that it can display resonant behavior for some values of the parameters. We then consider interactions and use a method known as the thermodynamic Bethe ansatz to obtain the nonequilibrium finite temperature conductance for various values of the Luttinger parameter [13] .
The low energy physics of the non-interacting edge in the presence of a magnetic field B and a position dependent Rashba spin-orbit coupling α(x) is described by the
where v F is the Fermi velocity, the σ's are the Pauli matrices, {., .} denotes an anticommutator, g e is the electron Landé g-factor and µ B is the Bohr magneton. To simplify notation, in the following we take = 1 and define M = µ B g e B/2. For M = α = 0 the spectrum of this Hamiltonian is gapless, E = ±v F p. When a magnetic field is turned on, the energy spectrum becomes gapped, unless the magnetic field is parallel to the spin quantization axis of the electron. In that case the effect of the field is merely to shift the Dirac point and
In the absence of a magnetic field, a finite constant spinorbit interaction α(x) = α 0 renormalizes the electron velocity to v α = α 2 0 + v 2 F , and rotates the electron spin quantization axis by an angle cos θ = v F /v α about the x axis [20] . Note that the spins of the counter-propagating modes remain anti-parallel in the presence of the Rashba term as required by time-reversal symmetry.
Let us now consider a system in which the magnetic field is uniform and points along the spin quantization axis, while a finite constant Rashba coupling exists only within a finite strip of width
Outside the strip (x < 0, x > d), the energy spectrum is gapless, while within the strip (0 < x < d), the external magnetic field is no longer aligned with the spin polarization axis, and the energy spectrum becomes gapped
with the energy gap E g = |2α 0 M/v α |. In the presence of the external field, the two otherwise decoupled spinors now mix in the region combining both the field and the spin-orbit coupling. The result is a square scattering barrier, from which incoming waves can be reflected. In the limit of a narrow constriction, this region acts as a localized impurity in our helical quantum wire, whose strength is controlled by M and α 0 . In reality this can be realized by varying the voltage of a nearby electrostatic gate which enhances the Rashba coupling in the vicinity of the gate, while the Rashba coupling far from the gate is negligible [21] . We solve the scattering problem by defining the scattering state in each region to be
where
spond to the right (R) and left (L) movers outside the strip, while p ± are the two momenta inside the strip, corresponding to the solutions of (2) at a given energy.
The nontrivial part of the solution for r and t, the reflection and transmission amplitudes is to find the correct matching condition for the wave function Ψ at x = 0, d. For a general profile of α(x), the Schroedinger equation Hψ = Eψ [Eq. (1)] can be solved formally as Ψ(x 1 ) = T x1,x0 Ψ(x 0 ) where the transfer matrix is written as
with P x representing the path ordering operator. For a step in α, α(x) = α 0 Θ(x), we set x 0 = −δ and x 1 = δ and then take the limit of δ → 0. The contribution of the terms including the magnetic field and the energy in the exponent will vanish, and we are left with the matching condition
with tan 2θ 0 = α 0 /v F .
Using the boundary condition (4) at x = 0, and a similar one at x = d, we obtain the solutions for r, t. The analytical form of these solutions is lengthy, therefore we will not present it here but rather plot the reflection probability R = |r| 2 in Fig. 2 . The behavior of R as a function of the field at a fixed (nonzero) value of α 0 /v F can be described as follows: at zero field, the reflection is zero, while for large fields M v α E/α 0 , the reflection is perfect, R = 1. In between, R can display two types of behaviors, depending on whether the waves inside the barrier are evanescent or propagating. For evanescent waves
α , R rises monotonically towards unity, while propagating waves result in an oscillating reflection amplitude, due to Fabry-Pérot type of interference resonances. The condition for a resonance is simply (p + − p − )d = 2πn, and depends both on the value of α 0 and M . Such Fabry-Pérot resonances have also been predicted for a QSHE edge state under a spatially inhomogeneous magnetic field [22] .
While the resonances appearing for the finite barrier would provide a test for the existence of helical edge modes in the absence of interactions, it is expected that interaction effects are important in 1D systems and can renormalize drastically the backscattering created by a single impurity [23] . This is true even for weak repulsive interactions since single electron backscattering is described by a relevant operator (in the renormalization group sense), leading to a crossover from a weakbackscattering regime to a strong backscattering regime as the temperature is lowered. The non-interacting solution is still useful in estimating the bare backscattering strength and its dependence on α 0 and M . In our discussion of the non-interacting problem we considered a region of finite width d as the scatterer. In order to calculate conductance in the interacting case we need to consider a point like scatterer. The bare backscattering strength for such an impurity could be estimated from our previous calculation by taking the limit of a very narrow barrier [30] . For weak magnetic fields and small α 0 it is simply given by
2 , where α 2k is the 2k component of the Fourier decomposition of α(x).
The Hamiltonian of the interacting QSHE edge in the bosonization language is
where φ R/L are left moving and right moving boson fields, g is the Luttinger liquid parameter and v is the edge velocity renormalized by interactions [24] . A backscattering term couples to
By defining even and odd non-local combinations of the fields φ e/o = 1/ √ 2(φ L (x, t)±φ R (−x, t)), the backscattering term couples only to φ o , and the Hamiltonian breaks into two decoupled contributions. The part of the Hamiltonian describing the odd fields is integrable, since it is identical to the massless limit of the boundary sineGordon (SG) model [12, 14] . The even field theory is free and does not interact with the impurity.
The integrability of the SG model was previously used by Fendley, Ludwig, and Saleur (FLS) [12, 14] to calculate the non-linear conductance in a point contact geometry for fractional quantum Hall states at ν = 1/m. In Ref. 25 a similar formula is derived for the conductance at ν = 1 − 1/m by exploiting the relation between the Kondo problem in a magnetic field and the SG model at finite voltage. Here, we use the same method to compute the differential conductance curves at m = 3, 4, 5 in order to demonstrate the behavior of the QSHE edge transport at 1/2 < g < 1. A result for continuously variable g can in principle be computed using a more involved technique developed in [26] . Also, if the repulsive interactions are weak (g close to 1), a more direct approach based on resummed perturbation theory [27] can be used, but it is currently unclear whether interactions are weak in the QSHE edge.
For g = 1 − 1/m, the current along the QSHE edge is given by [25] :
Here T B is an energy scale related to the impurity strength λ by T B = Cλ 1/(1−g) [14, 25] , where C is a nonuniversal (cutoff dependent) constant, + is the quasienergy of the kink solution of the sine-Gordon model, and θ the rapidity. The energy + (θ) of the kinks is computed numerically by solving a set of coupled integral equations obtained from the thermodynamic Bethe ansatz. The full details of these equations are given in supplementary material.
To account for the effect of non-interacting leads on the calculation of the conductance, we adapt a result from Ref. 28 , where a self-consistency condition was derived for the chemical potential of the various excitations inside the wire, which is not equal to the external applied voltage. The consequences of this self-consistency condition were extensively explored in Ref. 28 for g = 1/m. Here we carry out a similar analysis for g = 1 − 1/m. Denoting the chemical potential for the kinks and antikinks by µ ± = ±(m − 1)W/2 and the external voltage by V , the self-consistency condition for W is [28] 
The results for the differential conductance G = dI/dV , with and without the contact correction, are presented in Fig. 3 . The asymptotic behavior of G as a function of T B /T matches the known predictions [23] , namely G e 2 /h (T /T B ) 2/g−2 at low temperature, and G
Though we have computed the full curve for particular values of g, all curves show similar features and a comparison with experimental data should confirm the expected Luttinger liquid behavior and yield a good estimate for the value of g. Note that when contact corrections are included the conductance always saturates to e 2 /h at high voltage or in the absence of backscattering. Nevertheless, the curve shape itself highly depends on g, and in particular, the exponents of the asymptotic behavior remain the same as without the correction.
The feasibility of our proposal depends both on the stability of the QSHE edge in presence of a magnetic field and the spin direction of the modes. The behavior of the QSHE under a magnetic field has been studied in an experiment where the conductance was measured for various tilt angles of the field with respect to the plane of the 2D electron gas [2, 8, 29] . The results show that on top of the contribution from the Zeeman coupling, when the field is perpendicular to the plane, the conductance drops rapidly with the field strength due to orbital effects. Nevertheless, a peak in the conductance of typical width B = 10mT exists at T = 30mK. Orbital effects result in an effective g-factor values of 20 − 50, the typical Fermi velocity is estimated to be v F = 5.5 × 10 5 m/s, and α 0 ≈ 5 × 10 4 m/s. Therefore, even under the most restrictive conditions one can obtain a gap size of E g ≈ 100−300mK in the vicinity of the gate in our setup.
In our analysis we have made the assumption that the spin quantization axis far from the gated region is fixed along the edge, and therefore it is possible to align the magnetic field such that it does not gap out the edge modes in those regions. In principle, the preferred spin quantization axis along the edge is determined by the properties of the material, is not protected, and may tilt in a complicated way along the edge due to fluctuations of the Rashba coupling. However, if the edge is made smooth enough it is reasonable to assume that fluctuations in the Rashba coupling have a much smaller effect on the edge states than the intentional coupling induced by the gate, and therefore our analysis remains valid.
To summarize, in this paper we proposed a realistic and controlled setup for transport experiments on the QSHE edge using the combined effect of time-reversal symmetry breaking and induced spin-orbit coupling. Using the integrability of the resulting edge model we predict the form of the non-linear conductance, which could be compared with future experimental data.
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Supplementary material: Thermodynamic Bethe Ansatz equations
The thermodynamic Bethe ansatz equations relevant for our particular model are the following coupled integral equations [25] :
In this set of coupled integral equations, the indices j and k label the different excitation of the SG model. There are three types of excitations: breathers (1, .., m − 2), kinks (+) and the antikinks (−). The functions k label their energies (parametrized by an angle θ known as the rapidity). Kinks and anti-kinks are the charge carrying excitations of positive and negative charge respectively, while the breathers are neutral bound states of a kink and an anti-kink, and therefore their chemical potential is alway set to zero. In general, + = − , and for ν = 1 − 1/m, the matrix element N jk = 1 if the nodes j and k are connected in the following diagram otherwise N jk = 0. We solve these equation numerically for arbitrary values of m. Then the energy of the kinks is used in Eq. (7) to compute the conductance without contact correction, or combined with the self-consistency condition defined in Eq. (8), to evaluate the conductance in presence of contact corrections.
